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ÏÎÑÒÐÎÅÍÈÅ ÐÅØÅÍÈÉ ÄÈÍÀÌÈ×ÅÑÊÈÕ ÇÀÄÀ× ÍÀ ÎÑÍÎÂE
ÌÍÎÆÅÑÒÂ ÑÈÌÌÅÒÐÈÈ 1

c© Ï.Ä. Ëåáåäåâ, À.À. Óñïåíñêèé

Êëþ÷åâûå ñëîâà: ìèíèìàêñíîå ðåøåíèå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà; çàäà÷à
Äèðèõëå; çàäà÷à áûñòðîäåéñòâèÿ; ìíîæåñòâî ñèììåòðèè; ýéêîíàë.

Àííîòàöèÿ: Ïðèâîäèòñÿ ìåòîä ïîñòðîåíèÿ ôóíêöèè îïòèìàëüíîãî ðåçóëüòàòà â çàäà÷å áûñòðîäåé-
ñòâèÿ, îñíîâàííûé íà âûäåëåíèè ìíîæåñòâà ñèììåòðèè êðàåâîãî óñëîâèÿ. Ðàçâèâàåòñÿ ÷èñëåííî-àíàëèòè-
÷åñêèé ïîäõîä ê àïïðîêñèìàöèè ìíîæåñòâà óïðàâëÿåìîñòè. Óñòàíàâëèâàåòñÿ ñâÿçü ðåøåíèÿ çàäà÷è áûñò-
ðîäåéñòâèÿ ñ ðåøåíèåì çàäà÷è î ïîñòðîåíèè ýâîëþöèè âîëíîâûõ ôðîíòîâ ïðè êîíñòðóèðîâàíèè ýéêîíàëà.
Ïðèâîäÿòñÿ ðåçóëüòàòû ìîäåëèðîâàíèÿ ðåøåíèé äèíàìè÷åñêèõ çàäà÷ áûñòðîäåéñòâèÿ è çàäà÷ ãåîìåòðè-
÷åñêîé îïòèêè.

Èçó÷àåòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà òèïà
Ãàìèëüòîíà�ßêîáè

min
ν:‖ν‖61

〈ν, Du(x)〉+ 1 = 0, (1)

u|Γ = 0. (2)

Çäåñü x = (x, y) ∈ R2, ‖ν‖ =
√

ν2
1 + ν2

2 � åâêëèäîâà íîðìà âåêòîðà ν = (ν1, ν2), Γ � ãðàíèöà
çàìêíóòîãî ìíîæåñòâà M ⊂ R2, Du(x) =

(
∂u
∂x

, ∂u
∂y

)
� ãðàäèåò ôóíêöèè u = u(x).

Ìèíèìàêñíîå ðåøåíèå [1] çàäà÷è Äèðèõëå (1)�(2) ñîâïàäàåò ñ ôóíêöèåé îïòèìàëüíîãî ðåçóëü-
òàòà ñîîòâåòñòâóþùåé çàäà÷è äèíàìè÷åñêîãî áûñòðîäåéñòâèÿ ñ êðóãîâîé èíäèêàòðèñîé ñêîðî-
ñòåé. Èññëåäóåòñÿ äîñòàòî÷íî îáùèé ñëó÷àé êðàåâîãî (öåëåâîãî) ìíîæåñòâà M . Ïðåäïîëàãàåòñÿ,
÷òî M ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, íåâûïóêëûì ìíîæåñòâîì ñ íåãëàäêîé ãðàíèöåé. Ïðåäëàãàåòñÿ

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé 08-01-
00587-à, Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë ÍØ-2640.2008.1 è ôåäåðàëüíîé ïðî-
ãðàììû Ïðåçèäèóìà ÐÀÍ �29.
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ìåòîä ðåøåíèÿ çàäà÷è, îñíîâàííûé íà âûäåëåíèè áèññåêòðèñû êðàåâîãî ìíîæåñòâà. Áèññåêòðèñà
îòíîñèòñÿ ê ìíîæåñòâàì ñèììåòðèè [2]. Òîïîëîãè÷åñêèå îñîáåííîñòè ìíîæåñòâ ñèììåòðèè èçó÷à-
ëèñü â [3]. Ñ òî÷êè çðåíèÿ òåîðèè äèôôåðåíöèàëüíûõ èãð [4�5] ìíîæåñòâà ñèììåòðèè îòíîñÿòñÿ
â ïëîñêîì ñëó÷àå ê ðàññåèâàþùèì êðèâûì.

×èñëåííî-àíàëèòè÷åñêèå ïîäõîäû ê êîíñòðóèðîâàíèþ ìíîæåñòâ ñèììåòðèè ïðè èçó÷åíèè îñî-
áåííîñòåé ãåîìåòðèè ïî ñóùåñòâó íåâûïóêëûõ ìíîæåñòâ, ïðè ïîñòðîåíèè ôóíêöèè îïòèìàëüíîãî
ðåçóëüòàòà â çàäà÷àõ óïðàâëåíèÿ, à òàêæå ïðè ôîðìèðîâàíèè ýéêîíàëà â ãåîìåòðè÷åñêîé îïòèêè,
ðàçâèâàëèñü â ðàáîòàõ [6�10].

Ïðèâîäÿòñÿ ðåçóëüòàòû ìîäåëèðîâàíèÿ ðåøåíèé çàäà÷ Äèðèõëå, ýâîëþöèè ìíîæåñòâ óïðàâ-
ëÿåìîñòè, à òàêæå ðàñïðîñòðàíåíèÿ âîëíîâûõ ôðîíòîâ â ñðåäå ñ ïîñòîÿííûì êîýôôèöèåíòîì
ïðåëîìëåíèÿ.

Ïðèìåð ðåøåíèÿ çàäà÷è áûñòðîäåéñòâèÿ ñ êðóãîâîé èíäèêàòðèñîé ñêîðîñòåé ïðåäñòàâëåí íà
ðèñ. 1. Â êà÷åñòâå öåëåâîãî ìíîæåñòâà M âûáðàí ïîäãðàôèê ôóíêöèè

f(x) =

{
−7.5x4 − 13x3 − 4.5x2, x 6 0,

−6x4 + 5x3 − 3x2, x > 0.

Çäåñü Γ îáîçíà÷àåò ãðàíèöó ìíîæåñòâà M , L � ìíîæåñòâî ñèììåòðèè, Φ � ëèíèè óðîâíÿ ôóíêöèè
îïòèìàëüíîãî ðåçóëüòàòà u = u(x, y) ñ øàãîì hρ = 0.4. Íà ìíîæåñòâå ñèììåòðèè ôóíêöèÿ u =
= u(x, y) òåðÿåò ãëàäêîñòü, åå ëèíèè óðîâíÿ ñîîòâåòñòâåííî èìåþò èçëîìû.
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Abstract: method for construction of the optimal result function for boarder performance problem based
on symmetry sets is searched; controllability sets levels are approximated using analytical and computing
approaches; connection between the boarder performance problem and evolution of the waterfronts in eikonal
problem is ascertained; modeling results dynamic and geometry optic problems are given.

Keywords: Minimax Solution Of the First Order PDE; Dirichlet Problem; Performance Problem; Symmetry
Set; Eikonal.

Ëåáåäåâ Ïàâåë Äìèòðèåâè÷
àñïèðàíò
Èíñòèòóò ìàòåìàòèêè
è ìåõàíèêè ÓðÎ ÐÀÍ
Ðîññèÿ, Åêàòåðèíáóðã
e-mail: pleb@yandex.ru

Pavel Lebedev
post-graduate student
Institute of Mathematics and Mechanics of
UrD RAS
Russia, Ekaterinburg
e-mail: pleb@yandex.ru

Óñïåíñêèé Àëåêñàíäð
Àëåêñàíäðîâè÷
ê. ô.-ì. í., ñ. í. ñ.
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ
Ðîññèÿ, Åêàòåðèíáóðã
e-mail: uspen@imm.uran.ru

Alexandr Uspenskiy
candidate of phys.-math. sciences, s. s. c.
Institute of Mathematics and Mechanics of
UrD RAS
Russia, Ekaterinburg
e-mail: uspen@imm.uran.ru

735


